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We discuss the realization of inflation and resulting cosmological perturbations in the low-energy 
effective string theory. In order to obtain nearly scale-invariant spectra of density perturbations 
and a suppressed tensor-to-scalar ratio, it is generally necessary that the dilaton field <f> is effec- 
tively decoupled from gravity together with the existence of a slowly varying dilaton potential. We 
also study the effect of second-order corrections to the tree-level action which are the sum of a 
Gauss-Bonnet term coupled to <j> and a kinetic term (Vci) 4 . We find that it is possible to realize 
observationally supported spectra of scalar and tensor perturbations provided that the correction is 
dominated by the (V<^>) 4 term even in the absence of the dilaton potential. When the Gauss-Bonnet 
term is dominant, tensor perturbations exhibit violent negative instabilities on small-scales about a 
de Sitter background in spite of the fact that scale-invariant scalar perturbations can be achieved. 
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I. INTRODUCTION 

The constantly accumulating observational data in- 
cluding WMAP 0, i], SDSS [| and 2dF [| have con- 
tinued to confirm that primordial density perturbations 
are adiabatic and nearly scale-invariant. This is consis- 
tent with the prediction of inflationary paradigm which is 
based upon a scalar field with a slowly varying potential 
(see Refs. [1,0,0 for review). 

So far there are many attempts to try to explain the 
origin of density perturbations in the context of string 
theory. For example, in the low-energy effective string 
theory, a dilaton field <f> coupled to a scalar curvature R 
leads to a so-called Pre-Big-Bang phase during which su- 
pcrinflation occurs in the string frame [8| . In the Einstein 
frame, this corresponds to a contracting universe driven 
by the kinetic energy of the dilaton. In this case the 
spectrum of curvature perturbations is highly blue-tilted 
(riR = 4)0, thus incompatible with observations unless 
another scalar field such as axion works as a curvaton 

The ekpyrotic/cyclic scenarios [ll[ also lead to a con- 
tracting universe driven by a negative exponential po- 
tential. The perturbation spectra generated in these sce- 
narios have been discussed by many authors (see e.g., 
[l2l]). In order for a pre-bounce growing mode of a scale- 
invariant Bardeen potential $ to survive long after the 
bounce, it is necessary that the pressure perturbation 
is directly proportional to a Bardeen potential, but this 
mode is not present for any known form of an ordinary 
matter [l3|. Hence it is still a challenging task to real- 
ize scale-invariant density perturbations in bouncing cos- 
mologies. 
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Recently a number of authors have discussed the spec- 
tra of density perturbations in string-gas cosmology [14j | . 
The authors in Refs. [3, HH argued that a nearly scale- 
invariant perturbation may be obtained in the Hagedorn 
regime seeded by a gas of strings in thermal equilibrium. 
In recent pa pers it was realized that the original mod- 
els in Refs. [14| lead to a highly blue-tilted spectrum 
(n-R = 5) unless the dilaton is fixed in the Hagedorn 
phase [HI, [T3] - The coupling of the dilaton to gravity 
nontrivially changes the cosmological evolution and re- 
sulting density perturbations. 

The above examples show that it is generally difficult 
to obtain nearly scale-invariant cosmological perturba- 
tions without using slow-roll inflation driven by a poten- 
tial energy of a scalar field minimally coupled to gravity. 
In the low-energy effective string theory, the potential of 
the dilaton field is absent at the tree level, thus posing 
a difficulty to get slow-roll inflation. Moreover when the 
dilaton is coupled to a Ricci scalar, this has a signifi- 
cant effect on the spectrum of density perturbations as 
it happens in Pre-Big-Bang and string-gas cosmologies. 
It is known that in string theories there are higher-order 
quantum corrections, which can alter these results. How- 
ever, the inflationary solutions and the resulting cosmo- 
logical perturbations have not been studied much when 
these higher-order effects are present. It is thus impor- 
tant to examine what is the physical significance of these 
quantum corrections. 

In this paper we study the possibility to achieve obser- 
vationally supported cosmological perturbations in the 
low-energy string effective action with a dilaton coupling 
F((f>)R. Since both curvature and tensor metric pertur- 
bations are invariant under a conformal transformation 
in the absence of higher-order corrections, the demand 
for realizing scale-invariant spectra in the string frame 
and a suppressed tensor-to-scalar ratio corresponds to 
obtaining slow-roll inflation in the Einstein frame. This 
then requires the presence of a dilaton potential together 
with the condition that the dilaton is effectively decou- 
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pled from gravity when the perturbations on cosmologi- 
cally relevant scales are generated. 

We also take into account the higher-order corrections 
which are the sum of the contributions of a Gauss-Bonnet 
(GB) term and a kinetic term (V0) 4 . When the (V0) 4 
term is dominant, we find that it is in fact possible to 
realize observationally supported density perturbations 
even if the dilaton potential is absent. The reason why 
this "kinetic inflation" [l8| can be successful is that infla- 
tion of a slow-roll type is realized in the Einstein frame, 
unlike the Pre-Big-Bang and ekpyrotic/cyclic models. 

Inflation can be also realized when the GB term is 
present. However this does not necessarily mean that 
the models arc compatible with observations. In fact, 
with several different choices of the coupling F(<fi), we 
show that either of the following two cases occurs when 
the GB term is dominant: 

(i) The power spectra of curvature and tensor pertur- 
bations are far from scale-invariant ones, or 

(ii) While the spectra of scalar perturbations can be 
nearly scale-invariant, tensor perturbations exhibit neg- 
ative instabilities on small scales which invalidates the 
assumption of linear perturbations. 

Thus the GB-dominatcd inflation is generally problem- 
atic to generate observationally supported density per- 
turbations from quantum fluctuations. However, we find 
that if the GB term is subdominant compared with the 
higher-order kinetic term, it is possible to obtain the den- 
sity perturbations compatible with observations. 

This paper is organized as follows. In Sec. Hi] the for- 
mulae for the spectra of scalar and tensor metric pertur- 
bations are presented for the low-energy string effective 
action with higher-order correction terms. In Sec. IIIII wc 
discuss the transformation of the action to the Einstein 
frame and show the equivalence of perturbation spec- 
tra in both the string and Einstein frames. In Sec. IIVI 
we study the possibility to obtain scale-invariant cosmo- 
logical perturbations in dilaton gravity without higher- 
order corrections. We consider general models without 
restricting the Pre-Big-Bang cosmology in the latter half 
of Sec. IIVI We then investigate cosmological pertur- 
bations in the theories with higher-order kinetic terms 
(V(/>) 4 in Sec. [Vj Models with higher-order corrections 
which are the sum of the GB term and the (V0) 4 term 
arc discussed in Sec. lVIl Our new findings are the results 
presented in Sec. IVland Sec. I VII together with the latter 
half of Sec. QV] Sec. IVIII is devoted to conclusions. 



II. 



lowing general action 

/ d 4 x^j 
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where is a scalar field with a potential V(<f>), R is a 
Ricci scalar, F(cf>) and w(</>) are the functions of <f>. In 
what follows, we use the unit k 2 = 8irG = 1 with G being 
gravitational constant. The Lagrangian C c represents the 
contribution of higher-order corrections to be specified 
shortly. 

In the weak coupling limit of the low-energy effec- 
tive string theory, where the string coupling g 2 = 
is much smaller than unity, the action corres pon ds to 
F{<t>) = e-*, Lo{(j)) = -e-<t>, and V{<t>) = @, We 
only consider a dilaton field (f> by assuming that other 
modulus fields corresponding to the size of extra dimen- 
sions are fixed through some mechanism. 1 The higher- 
order corrections C c are the infinite sums of the series 
expansion with an expansion parameter a' — I 2 , where 
l s is the string length. Wc pick up lowest-order terms 
with which the equations of motion are second-order in 
fields [HHH: 
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C c = --a'm [ Cl R 2 GB + c 2 (V<j>) A ] 



(2) 



where Rq B = R 2 



AR^R^ + R a ^ v R af}tlv is the GB 
term. At the tree level, the coupling £ ((f) and the coeffi- 
cients ci and C2 are 



Cl 



1 



C2 



-1 



(3) 



where A = —1/4, —1/8, correspond to bosonic, heterotic 
and Type II supcrstrings, respectively. In what follows, 
we work in a unit a' = 1. 

As the system enters a large coupling region charac- 
terized by g 2 > 1, it is expected that the forms of the 
functions F ((/)), w(</>) and become more complicated 
than those given above. Moreover the potential of the 
dilaton may appear in order to stabilize the field. Hence 
we work on the general action (fTJ without restricting our- 
selves to the tree-level case. 

In a flat Fricdmann-Robertson- Walker (FRW) metric 
with a scale factor a, we obtain the following background 
equations [H, H3, HI : 

H 2 = — (u<j> 2 + 2V - 6HF + 2/0, 
6F \ 



COSMOLOGICAL PERTURBATIONS FOR A 
GENERAL ACTION 



H = — \-m 
2F 

4> + 3H<j)+ — { t 



(4) 
(5) 

F^R + 2V^ + T C ) =0, (6) 



HF - F- p c - Pc ) , 



In this section, we first develop the formalism for 
analysing the density perturbations for a system with 
higher-order corrections. Specifically we consider the fol- 



1 See Refs. [2(1 for the the cosmological evolution in the presence 
of modulus fields. 
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where a dot represents the time derivative, lo^ = dw/d</>, 
H = a /a, and the correction terms are 



1). In this case, if c 2 ^ is a positive constant, the solution 
for Eq. (|16[) can be written by using Hankcl functions: 



p c = Uc^H 3 - -c 2 ^ 4 



(7) 



p c = -Ac^H 2 + 2£H(H + H 2 )} - -c 2 ^\ (8) 

T c = 24cxO(^ + H 2 )H 2 

-c 2 4> 2 {?>i4> + + 12^iJ). 



(9) 



Let us consider the following perturbed metric about 
a FRW background (2f|: 

ds 2 = -(l + 2A)d< 2 + 2a<9;5do;Mt 

+a 2 [(1 + 2t/>)(% + 2dijE + 2hij] dx i dx j ,(10) 

where <9i represents the spatial partial derivative djdx 1 
and 9ij = V,Vj — (l/3)<5ijV 2 . We use lower case latin 
indices running over the 3 spatial coordinates. We note 
that A, B, ip and E denote scalar metric perturbations, 
whereas hij represents tensor perturbations. We define 
the so-called comoving perturbation [27j 



K = ip 



H 



(11) 



Cl 



(k)H%(c K k\T\) + c 2 (k)H%(c n k\T\) 



(17) 



where v-ji = -J j-jz + 1/4 = \q — 1/2|. We choose the 
coefficients to be ci =0 and c 2 = 1, so that posi- 
tive frequency solutions in a Minkowski vacuum are re- 

( 2) 

covered in an asymptotic past. Since ifi^ (c-R.fc|r|) — > 
(i/Tr)T(i>Ti)(ciik\T\/2)~ 1 " 11 for long wavelength perturba- 
tions (ctj.A;|t| <C 1), the curvature perturbation after the 
Hubble radius crossing is given by 



K = i 



t\ Y(v n ) ( c n k\r\ 



4z T(3/2) 



(18) 



The spectrum of the curvature perturbation is defined 
by V n = k 3 \K\ 2 /2TT 2 . Then we find 



■R 



H\ 2 f 1 \ 2 /TK)\ 2 /fc|r| 



n \2ir J \aH\T\J \T(3/2) J \ 2 



3-2i/ TC 



.4 



fel 



3 — 2vk 



(19) 



which is invariant under a gauge transformation. The 
Fourier modes of curvature perturbations satisfy p3l . [24| 



1 k 2 
— (az 2 K)+c 2 z —ll = Q, 
az z a z 

where k is a comoving wavenumber and 
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a { U( P + 2F+Q 2 



Q. 



4 = i 



H 



r 2F+Q S 

F+Qi f 
2F+Q 2 ^ 



F+Qi 
2F+Q- 



Qe 



w4>- 



2 _l 3(f+QQ 2 
2F+Q 2 



Q 3 



(13) 



(14) 



with 



Qi = -ic^H 2 , Q 2 = -8a£H, Q 3 = -6c 2 ^ 4 



Q 4 = 4c 2 ^ 4 , Q 5 = -16 Cl £H, 



Introducing a new variable, v 
Eq. ([12)) can be rewritten as 



Q e = 8 Cl (Z-ZH). 

(15) 

z7?., we find that 



c n k I u = 



(16) 



where a prime represents a derivative with respect to a 
conformal time r = J a~ l dt. When the evolution of z is 
given by z oc |r| 9 , one has z" / z = Jtz/t 2 with 7^ = 



where 



uj<\> 2 



3(F+Qi; 
2F+Q 2 



Q 3 



2F+Q-: 



(20) 



When ^ = 0, we have an additional ln(fc|T|) factor. 
From Eq. (fT9)) the spectral index of the power spectrum 
is 



1 = 3 - 2v n = 3 - + 1 



(21) 
1) corrc- 



Note that the scale-invariant spectrum (niz 
sponds to 7k = 2 (or vn = 3/2). 

We decompose tensor perturbations into eigenmodes 
of the spatial Lagrangian, V 2 ey = —k 2 eij, with scalar 
amplitude h(t), i.e., hij = /i(t)ey, where have two 
polarization states. The Fourier modes of tensor pertur- 
bations satisfy [H Hij 



a 3 Q: 



-{a 3 Q T hy +c 2 T —h = Q, 



where 



Qi 



4cid-eg) 

F - ic^H 



Introducing new variables zt = a^/Qr and Vt 
Eq. ([22]) can be rewritten as 



z, 



3rk 2 — — \ vt = . 



(22) 

(23) 
z T h/2, 

(24) 
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The power spectrum of tensor perturbations is defined 
by Vt = 2 k 3 \h\ 2 /2ir 2 because of two polarization states 
of the graviton. If c T is a positive constant and the evo- 
lution of zt is given by zt oc |t| 9t , wc obtain 



The variable zt for tensor perturbations satisfies the re- 
lation z t /zt = 7t/t 2 with 



V t = — £ 



/ 1 



H 

3-2v T 



U(3/2); 



(25) 



(2-ei +e 6 )(l + e 6 ) 
7T (l-^i) 2 

Hence the spectral index of tensor perturbations is 

3 - ei + 2e 6 



?it = 3 — 



where vt = y/jT + 1/4 with 7t = 3t(<Zt 
spectral index of the power spectrum is 



7iT = 3 — 2^t = 3 — + 1 • 

The tensor-to-scalar ratio is given by 



The 



(26) 



A 2 

1Z 



L0<P 2 



3(F+Qi)' 
2F+Q 2 



Q 3 



2v T 



I>t) 



(27) 



We introduce the following quantities 
6 F 



£i 



£5 



1/2 



£2 = 

F + Qx 
H(2F + Q 2 ) 



Hcj) 
£6 



£3 = 



Qi 



2HF 



£4 



2i/g T 



where 



E = ^- 



• 2 , 3(F + Qr) 2 



2F + Q 2 

Then the variable z 2 in Eq. (fT3|) is given by 
/ • \ 2 



E 
2HE ' 

(28) 
(29) 



atp 



E 



H{l + e 5 ) F 



(30) 



In what follows, we specialize to the case in which ii and 
Ej terms vanish or the case in which they can be neglected 
compared to other terms (like slow-roll inflation). Since 
the conformal time is given by r = — l/(a_ff(l — ei)) in 
this case, we get z"/z = "fn/T 2 with 

(1 + ei + e 2 - £3 + 64) (2 + £ 2 - £3 + £4) /01 . 
7^ = • (31) 

Then the spectral index of scalar perturbations is given 
by 



rin - 1 = 3 - 



ei + 2e 2 - 2e 3 + 2e 4 
1-ei 



(32) 



1-ei 



(33) 



(34) 



When the conditions |&s| -C 1 hold, the above spectral 
indices are approximately given by 

n TC -l = -2(2e 1 + e 2 -e 3 + £4), (35) 
n T = -2(ei + ee) . (36) 



Since v>k ~ 3/2 : 
ratio ([27]) reads 

W 2 



i*r i n this case, the tensor-to-scalar 



3(f+Qi: 
2f+q 2 



Q 3 



H 



F+Qx 
2F+Q 2 



F+^ 



C T 



(37) 



Let us consider the case in which the GB term is ab- 
sent (ci = 0). Since = F and eg = 63, one has 
iit = — 2(ei + 63). From Eq. ([5]) we obtain the relation 
uj4) 2 /H 2 F - 2c 2 Z<j) 4 /H 2 F ~ 2(ei + e 3 ). Then with the 
use of Eq. (|T4")) the tensor-to-scalar ratio (f3"T)) is simply 
given by r = 16(ei + £3)07^. Hence we find 



Sctzut (for ci = 0). 



(38) 



When the c 2 (V0) 4 term is absent, one has c-n = 1, 
thereby reducing to the standard consistency relation: 
r = — 8tit 0- Provided that C c = 0, this standard 
consistency relation holds even for scalar-tensor models 
characterized by the action ((T|) [H, [28[ . 



III. EINSTEIN FRAME 

The action |T]) is transformed to the one in the Einstein 
frame by a conformal transformation p9l | : 



9nv = Offjui/ , n = -F , 



(39) 



where a hat represents quantities in the Einstein frame. 
For later convenience, we write the correction term C c as 
C c = £qb — (l/2)c 2 £(</>)(V(/)) 4 , where £qb is the contri- 
bution of the GB term. Then the action in the Einstein 
frame 1 is 



S E = 



d 4 x 



I + K(<f>)X + L{<f)X 2 



-v{4>) + t 



GB 



(40) 
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where X 



-(l/2)(V</>) 2 = (l/2)(ckA/di) 2 and 

2 



K(tf>) 

m-- 

v(4>) = 



2 V F 
L{4>) = -2c 2 £(0) , 
V(<f>) 



CO 

F 



F 2 



(41) 
(42) 
(43) 



Let us introduce a perturbed metric in the Einstein 
frame: 

ds 2 = fids 2 

= -{l + 2A)&P + 2ad l B<lx l <li 

(1 + 2$)8 ij + 2d V} E + 2h %3 ] dx l dx j . (44) 

We decompose the conformal factor into the background 
and the perturbed part as 



Cl(x,t) = Cl(t) 1 + 



5Cl(x,t) 



(45) 



Then the following relations are derived: 

1 



a = aVCl, dt = Vttdt, H = 



a . SCI » SCI 
A = A + ^ ^ + 2fi' 




(46) 



where a "bar" is dropped from the expression of Cl(t). 

From these relations, one can show that the curvature 
perturbation in the Einstein frame coincides with that in 
the Jordan frame: 



K = ip 



H 



d(/)/dt 



H 



(47) 



Since tensor perturbations are also invariant under a con- 
formal transformation, the power spectra of scalar and 
tensor perturbations satisfy 



Vn = Pn ! Pt = Pt 



(48) 



We also note that the comoving wavenumber, k 2 , is in- 
variant under a conformal transformation (since in the 
Fourier space A = — k 2 is invariant). Hence the am- 
plitudes and the spectral indices of power spectra based 
upon 1Z and hij in the string frame coincide with those 
in the Einstein frame. 



A. Models without the GB term (ci = 0) 

In this section, we investigate a situation in which 
the contribution of the GB term is absent [Cqb = 
in Eq. HOI)]. In order to derive n-ji and other physical 



quantities for the action (|40|) without the GB term, it 
is sufficient to use the formula obtained in the previous 
section by replacing F((f>) — > 1, w{<j>) — > K(<f>), c\ — > 
and C2^(0) — > — (1/2)L(0). Introducing the following pa- 
rameters 



ei = 



dH/dt 
H 2 



(2 



d 2 cf>/di 2 

H(d(f>/di) 



dE/di 
2HE 



(49) 



where E = K + 6LX, the spectral index n-R of curvature 
perturbations is 



3 + ei + 2e 2 + 2e 4 



-2(2ei 



1 

e 2 " 



- 61 
64) 



(50) 

(51) 



The first equality is valid under the condition that the 
derivative terms of vanish or they are negligible com- 
pared to other terms, whereas the second approximate 
equality is valid under the slow-roll approximation. Sim- 
ilarly the spectral index of tensor perturbations is 



tit 



3 - 

-26! 
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1 



(52) 
(53) 



When |e,| <C 1 the tensor-to-scalar ratio r satisfies the 
consistency relation (|38j) with c-r. given by [3(| 
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K + 2LX 
K + 6LX 



(54) 



B. Models without the correction term (ci = C2 = 0) 

Let us next consider the case in which the correction 
term L c is absent (ci = c 2 = 0). When lf(0) is positive, 
we introduce a new scalar field tp as 



<p = J VW)d4>. (55) 
Then the action (|40p can be written in a canonical form 



5 h 



d xy/-g 



f -i(v^) 2 -y(^)) 



(56) 



If i^(</)) is negative, we just need to define ip = 
J \J—K{(j)) dtp with the change of sign of the kinetic term 
in Eq. 1(55)1 . 

Introducing the parameters 



ei 



di?/d£ 
H 2 



(2 



d 2 p/di 2 

H(d<p/di) 



(57) 



the spectral indices n-ji and n-r are given by Eqs. ()50[) - 
(f53)l with £4 = 0. From Eq. ((27)) . the tensor-to-scalar 
ratio r is 



16ei 



r(t> TC ) 



(58) 
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where we have used dH/di = -(d(p/di) 2 /2. Note that 
this relation is obtained without using the slow-roll ap- 
proximation. In order to satisfy the condition r <C 1, 
which is supported from observations, we should have 
e*i < 1 provided that T(£>t) /^{v-r) is of order 1. The 
condition to obtain a nearly scale-invariant scalar per- 
turbation (n-ji ~ 1) then gives two cases: (i) 62 — or 
(ii) C2 — —3. The former corresponds to the standard 
slow-roll inflation. The latter corresponds to a constant 
scalar- field potential (V v = 0). In both cases, we have 
r ~ 16ei since v-ji ~ vt — 3/2. 

One may define standard slow-roll parameters in terms 
of the slope of the potential 



1 V u 



V 



e= 2 



'r'r 



V 



(59) 



Under a slow-roll approximation ( | e-^ | <^ 1) one has ei ~ e 
and e2 — e — f\. Hence we get the following usual formulae 



n n - 1 ~ -6e + 2fj , n T ~ — 2e , 



m. 



(60) 



IV. DILATON GRAVITY WITHOUT THE 
CORRECTION TERM (£ c = 0) 

Let us first consider dilaton gravity without the cor- 
rection term C c and study the possibility to obtain scale- 
invariant cosmological perturbations. The low-energy 
string effective action corresponds to F(<p) = e _< ^, u>(</>) = 
— e~^, V(4>) = at the tree level. In the Einstein frame 
the system is described by a minimally coupled field w 
without a potential, thus giving the following solution [8j : 



a oc \t\ 



1/3 



it 



dtp 



2 

3^ 



^ (61) 



When t < 0, this solution corresponds to a collapsing 
universe. In the Prc-Big-Bang cosmology, the universe 
contracts in the Einstein frame for t < 0, which is fol- 
lowed by the bounce around t = because of the effect 
of higher-order loop and derivative corrections p2l . l3l| . 
Note that a causal mechanism for perturbations works in 
the collapsing universe as in the case of standard infla- 
tion. If we consider a growing field <p for t < 0, we have 
dtp/di = -y/2/3(l/i) . 

We find from Eq. (JHH) that h and e 2 defined in Eq. (49|) 
are constants, i.e., 



ei 



3 , £2 = — 3 . 



(62) 



In this case one can use the formula (|50|) . (|52|) and |58|) 
with 64 = 0, which gives 
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r = 48. 



(63) 



This is a highly blue-tilted spectrum and a large tensor- 
to-scalar ratio incompatible with observations. Although 



these perturbations correspond to the ones which are gen- 
erated before the bounce, it was shown that these spectra 
are preserved even long after the bounce if a! curvature 
and derivative corrections are taken into account [32 |. 

The reason why the spectrum is highly blue-tilted is 
that the system is dominated by the kinetic energy of 
the scalar field. In order to obtain nearly scale-invariant 
spectra, we should require that e\ and I2 are much 
smaller than 1. This situation is not realized unless a 
slowly varying potential is present in the Einstein frame. 
In order to investigate the possibility of obtaining nearly 
scale-invariant perturbation spectra, in what follows, we 
study models with general forms of F((f>) and uj(4>) to- 
gether with the dilaton potential V(<fi). Note that the re- 
sults given in Eq. (f63|) for the Pre-Big-Bang model were 
already derived in past works (e.g. Ref. @), but the re- 
sults we present below in more general models are new. 

It follows from Eq. (|58| that we must have e < 1 to 
realize the condition r « 1 unless the (T(C't) /T{v-ji)) 2 
term is much smaller than unity. Let us clarify whether 
or not this condition can be satisfied in dilaton gravity. 
For the coupling F{cj>) = and oj(4>) = — e~^, the 
dilaton potential in the Einstein frame is given by 



V = e 2 ^V{(j)) 



V(V2<p) , 



(64) 



where we have used Eqs. (|43| and (|55|) . Since tp = <f>/\/2, 
the parameter e defined in Eq. (|59p is given by 



6=2 



V 



(65) 



Even when a slowly varying potential is present in the 
string frame (|V^/U| <§; 1), we get e ~ 4, thus leading to 
a large tensor-to-scalar ratio. The potential which gives 
e = is characterized by 



V(4>) = Voe~ 2 * 



(66) 



where Vq is a constant. In fact in this case the poten- 
tial in the Einstein frame is exactly constant, thus giving 
n-ji = 1 and r = because <?i = and ii = —3. Hence for 
the coupling F((j)) = and ui (</>)= — e~^, it is required 
that the dilaton potential in the string frame (approxi- 
mately) takes the form (j6"6"| to realize n-ji ~ 1 and r«l. 
We note however that the potential of the dilaton is ab- 
sent in the perturbative regime we considered above. 

Let us consider more general functions of F((f>) and 
oj(4>) with a dilaton potential V((f>). Then the slow-roll 
parameter e is given by 



f 



3F 2 ,/F 2 + 2u/F 



v 



' F 



(67) 



This shows that there are three cases in which the con- 
dition e <C 1 is satisfied: 

(i) V^/V ~ 2F^/F, 

(ii) 1 » \V,i/V\ » \2FJF\, 

(iii) 1» |2F /F|» \Vj/V\. 
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Note that we are considering the situation where the 
l^/i* 1 ! term is of order unity. In a special case with 
^S> 1, the condition e <C 1 can be satisfied even 
for \u/F\ > {V^/Vf > (F t< f, I F) 2 > 1. One may also 
think that the slow-roll condition can be fulfilled even for 
V = provided \F t< j,/F\ -C 1, but the definition of e itself 
is not meaningful in this case because of the absence of 
the potential. 

The case (i) is equivalent to the condition 



V{cf>) cx F 2 {4>) , 



(68) 



which, in the Einstein frame, corresponds to a cosmolog- 
ical constant from Eq. (|43|) . 

The cases (ii) and (iii) are difficult to realize if the 
dilaton coupling F(<p) changes rapidly as in the tree- 
level action. For the coupling F((f>) ~ we require 
the condition |A| <C 1, but it is generally difficult to take 
a control of the rapid evolution of the dilaton in the non- 
perturbative regime. However one may consider so-called 
a runaway dilaton scenario [33j | in which the field is grad- 
ually decoupled from gravity in the regime ^> 1 (after 
the field passes the non-perturbative region) . In this sce- 
nario the functions F(<p) and u>((j>) are assumed to take 
the following forms for 3> 1: 



F{<j>) 



c 2 



-Die" 
D 2 e~ 



-0(e" 2 *) 
■0(e _a *). 



(69) 
(70) 



Let us study the case in which the potential of the dilaton 
is present in this region. Then the slow-roll parameter e 
is approximately given by 



Ci_ 

2C 2 



Ya 

V 



(71) 



In the cases (ii) and (iii) we have |V^/V| ^> 
|2(Di/Ci)e-*| and \V^/V\ < |2(r> 1 /C 1 ) e -^ | , respec- 
tively. One may consider a potential in which the field 
has a minimum at <f> = 4>o, i.e., V{4>) = X n {4> — 4>o) n - 
When 1 > \V 1<t> /V\ > \2(D 1 /C 1 )e- <t >\, we obtain n n and 
r as in the case of standard chaotic inflation Q ■ In other 
words, it is necessary that the dilaton is effectively de- 
coupled from gravity in order to realize standard slow-roll 
inflation in the Einstein frame. Note that inflation is also 
realized for \V tj> /V\ < |2(Di/Ci)e _ *| < 1 except for the 
case in which the potential of the dilaton vanishes. 

The above discussion shows how the coupling of dila- 
ton to gravity alters the spectra of density perturbations. 
Except for the specific case given in Eq. (|68p . the dilaton 
needs to be almost decoupled from gravity before pertur- 
bations on cosmologically relevant scales are generated. 



V. KINETIC INFLATION (ci = 0, c 2 ^ 0, V = 0) 

When ci = and c 2 ^ 0, it is known that kinetic 
inflation can be realized in the Einstein frame even in the 
absence of the dilaton potential [l8|]. This corresponds 



to the action fl40J) with V = and £ GB = 0. Then the 
background equations in the Einstein frame are given by 



3H 2 = p, 



where 



p = K{4>)X + L{4>)X 2 , 
p = K(<j>)X + 3L{cj))X 2 . 



(72) 
(73) 



(74) 
(75) 



In the weak coupling regime characterized by e^ <C 1, 
one has F(<f>) = u(cf>) = -e~*, = Xe^ and 

c 2 = — 1. Hence the functions K((f) and L((f>) are given by 
K(4>) = 1/2 and L(<j>) = 2\e~' t >. Since A = -1/4,-1/8 
for bosonic and heterotic strings, respectively, the func- 
tion L((f>) is negative at the tree level. In the strong cou- 
pling regime (e^ > 1), the forms of the functions K(<f>) 
and L(<j>) are expected to be modified by higher-order 
quantum effects. 

From the above equations, we find that a de Sitter 

solution (H = 0) is present when the condition 



K + 2LX = , 



(76) 



is satisfied. In this case one gets 3H 2 = K 2 / (4L), thereby 
requiring L > 0. Then from Eq. (I76p . the function K is 
negative for the existence of the de Sitter solution. In 
what follows, we concentrate on the case where K < 
and L > 0. Note that ghost condensate model proposed 
in Ref. [34| corresponds to K = — 1 and L = 1. 

While K(4>) is positive at the tree level, it can change 
sign in the strongly coupled regime. In fact taking into 
account two-derivative pcrturbativc loop corrections to 
the Kahler potential derived from heterotic string the- 
ory compactificd on a Zn orbifold, the function u(</)) is 
subject to change [3l[ 



3 6e*(6 + be'*') 
+ 2 (3 + 6e^) 2 



(77) 



where & is a positive constant of order unity. Then from 
Eq. (|4T|) with F(4>) = e~*, the function K(4>) is given by 



(78) 



which is negative for be^ > 3(^/6 — 2)/2. This function 
has the asymptotic behaviors K(</>) ~ -l+27e~ 2< ^/26 2 -> 
-1 for e* > 1 and K(<j>) ~ 1/2 - be* -»■ 1/2 for < 1. 
Note that the above corrections are obtained perturba- 
tively, so they may not be valid in a full non-perturbative 
regime. But this example is instructive to show the pos- 
sibility to obtain negative values of K (0) after the system 
enters the strongly coupled region. 

When K{<f>) is negative, it is possible to realize kinetic 
inflation provided that L(<f>) > 0. At the tree level, L(<f>) 
is negative for bosonic and heterotic strings, but it can be 
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positive in the strongly coupled region. One may write 
£(</>) in terms of the sums of the tree-level and n-loop 
corrections in the form 



(n-l) 



(79) 



n=0 



where n = corresponds to the tree-level term with Co = 
1. Unfortunately all the coefficients C n have not been 
determined so far. So in what follows, we discuss the 
theory with the couplings given in ([79")) with various C n . 
This is at least useful to clarify the condition under which 
kinetic inflation generates nearly scale-invariant density 
perturbations. 

It follows from Eq. ([54")) that c n ~ along the de 
Sitter point ([75)) and = 1 from Eq. ([2"3")) . By using the 
formula given in Eqs. ([ST) . ([53)) and ([38)) . we obtain 



n-n - 1 



6(K + 2LX) 
K + 2>LX 4 



2i?X 



6LA 



2iT (if + 6LX) 



tit = 



6(K + 2LX) 
K + 3LX 



K + 2LX 
K + 6LX 



TIT . 



Then along the de Sitter fixed point (X 
has 

n T ~ , r ~ . 



(80) 

(81) 
(82) 

-if/2L), one 
(83) 



Meanwhile the spectrum of curvature perturbations is 
given by 



nn - 1 = - 



2K, 



HK HL 



(84) 



By using H = — KjY2\<f>\ along the de Sitter solution, 
this is written as 



nn - 1 



sign(0) 
7=^712 



2/v 



Let us first investigate the case in which L(ct>) is a con- 
stant. We are interested in the evolution of dilaton from a 
strongly coupled region (e^ ^> 1 and K < 0) to a weakly 
coupled region (e^ <C 1 and K > 0), which means that 
4> < and < 0. Alternatively it is possible to con- 
sider the case with <f> > and Jf ^ > in which the 
system gradually decouples from gravity in the region 
e 1 ^ > 1 as in the runaway dilaton scenario. In both 
cases, we obtain a blue-tilted spectrum n-ji > 1. 

We next study a situation in which one of the terms 
in Eq. ([79)) . say e A( ^, dominates over other terms in the 
strongly coupled region (as in the dilatonic ghost conden- 
sate model proposed in Ref. [HI]). This then gives 



sign(0) / 2K 
n n -l= , | A - 



(86) 



If the terms higher than the one-loop corrections are 
dominant, i.e., A > 1, the power spectrum strongly de- 
parts from the scale-invariant one. Thus in order to be 
compatible with observations, we must require that the 
function £(</>) be nearly constant in the regime 3> 1. 
Taking the terms up to the first order in Eq. (|79p . we 
have L^/L ~ — e~^/Ci > (because C\ is negative for 
the positivity of L). If L^jL is larger than 2K^/K, the 
red-tilted spectrum follows for cb < 0. For example, if the 
function K(cb) is given by Eq. ([75)) . we find 



nn - 1 



sign(0) 



54 



-20 



1 



(87) 



where the second term in the square bracket dominates 
over the first one. Hence in this case one gets a red- 
tilted spectrum for cb < 0. Of course if the function K(cb) 
takes a different form such as K(cb) = — tanh (Xcb), it can 
happen that the spectrum is blue-tilted. 

Thus the spectral index of curvature perturbations de- 
pends upon the forms of K(cb) and L(cb) in the case of de 
Sitter solutions. Let us estimate n-jz on the cosmologi- 
cally relevant scales observed in Cosmic Microwave Back- 
ground anisotropies. For simplicity, we choose the func- 
tion K(<fi) given in Eq. ([75)) with constant L(<j>). Along 
the de Sitter solution ([75)) one has cb = a^J—K/L and 
H = -K/2V3L where a = ±1. This then gives the 
number of e- foldings: 



N = 



Hdt = 



2V3 



(88) 



where the subscript "/' represents the values at the end 
of inflation. If inflation occurs in the region be^ 3> 1, we 
get N ~ (cb - 0/)/2\/3 (here negative a is chosen). 

Considering homogeneous perturbations 8X around X 
[Hi, we find that p :X = 2L5X and p = -2y/3p~Xp tX - 
Then one has SX/X = -(a/V3)(-K)^/{-K) 3 / 2 . In- 
flation ends when the SX/X term grows of order unity. 
Taking the criterion (-K)^/(-K) 3 / 2 = \/3 for the end 
of inflation, we obtain be*' ~ 1.75 for the model (JTSJ). 
This gives be* = 1.75e 2VEN . Then we finally get the 
spectral index in terms of the function of N: 



1 = 4V3 



(-Kyi* 



60e 



(89) 



For the cosmologically relevant scales (N ~ 60) , the spec- 
trum is extremely close to scale-invariant one. This situ- 
ation does not change provided that K(cb) and L(cb) are 
nearly constants with an exponentially suppressed fac- 
tor. These models, which give n-ji — 1 and r ~ 0, are 
interesting to confront with future high-precision obser- 
vations, since recent WMAP3 data do not favor an ex- 
act scale-invariant scalar perturbation with a vanishing 
tensor-to-scalar ratio [1[ . 

We note that there are some cases in which the spec- 
trum is tilted from the scale-invariant one. As an exam- 
ple, let us consider the realization of power-law kinetic 
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inflation which is characterized by 



a oc 



t 1 ^ , H 



1 



(90) 



where < 7 < 1. For the choice L(4>) = —K(4>), we find 
from Eqs. (J72J) and (73]) that 



x = ^ r , K(4>) = - 



3(2- 7 ) 



7 



(91) 



where (/>o is the initial value of the field. Hence from 
Eqs. fl5U]), ([52]) and ((2TJ) with ei = -e 4 = 7, e 2 = and 

c tc = 7/(3(4 - 7)) > 0, we obtain 



n n - 1 = n T = - 



r = I67 



27 
1-7' 



3(4-7) 



(92) 
(93) 



This indicates that the spectra of scalar and tensor per- 
turbations are red-tilted (n-jz < 1 and nx < 0). The 
parameter 7 is a measure of the departure from the 
Harrison-Zeldvich scale- invariant spectra (n n — 1 = tit = 
and r = 0). The recent WMAP3 data give the con- 
straints n-jz = 0.987to'o37 an d r < 0-55 at the 2a level for 
the ACDM model without the running of scalar perturba- 
tions. The constraint ([92)) then requires that 7 should be 
7 < 0.024. This in turn gives r < 0.0148 which is much 
smaller than 0.55. This shows that the constraint from 
nn gives a severer bound on 7. Finally we note that in 
order to end the power-law inflation the functions K{(j)) 
and L(4>) need to be modified in a suitable way. 



VI. MODELS WITH THE CORRECTION TERM 

In this section we investigate models in which the cor- 
rection term C c is present. We are interested in the re- 
alization of inflation without using a dilaton potential. 2 
Basically one may consider the following two situations: 
(i) F((f>) asymptotically approaches a constant value (as 
in the runaway dilaton scenario), or (ii) F{4>) is the sum 
of exponential terms. In the case (i), we set F(<f>) = 1 
by assuming that the time-derivatives of F(cj>) in Eqs. ([4]) 
and §5§ arc negligible relative to others. In the case (ii), 
we study models in which one of the exponential terms 
dominates over others, i.e., F((f>) = e^. 

A. Models with F(<f>) ~ constant 

In order to understand the effect of the GB term to 
realize inflation, we first study the case ci = and 



2 Recently there are a number of works which aim to explain late- 
time acceleration with the presence of the potential V(<f>) |36|| . 
For example, in the case of an exponential potential, a de Sitter 
fixed point appears because of the effect of the GB term |37|| . 



F(<j>) = 1. Then Eqs. gj) and © yield 



6H 2 = uj4> 2 + 24ci£ff 3 , 



2H = -lu 



j,2 



4 Cl 



(94) 



H 2 £ + (2HH - H 3 )£ . (95) 



We search for power-law solutions given by 

1 



a oc 



t 1 ^ , H 



It 



(96) 



At the end of this subsection we also discuss the case of 
de Sitter solutions (H = const.). Eliminating the Lixp 2 
term from Eqs. and (|95|) . we find that in order to 
get the solution (|96[) . we must have 



(97) 



where a is a constant. To realize a positive energy density 
p c for t > we require a is positive, which is assumed 
hereafter. The relation between a and 7 is given by 



7 : 



2a + 3 ± V4a 2 - 28a + 9 



An inflationary solution is obtained for 7 < 1. We thus 
choose the lower sign in (|9"8"1) and get the constraint on 
a: 

0<a<l/4. (99) 
It follows from Eqs. ([94]), ((97]) and ([98]) that 

= 6(3_t) H 2 > m 2 (100) 
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This implies that in order for Eq. ([M]) to have an infla- 
tionary solution we must have uj < 0, i.e., a phantom- 
type scalar field. For simplicity, we choose u> = — 1. But 
this does not necessarily mean that the weak energy con- 
dition is violated when the correction term C c is present. 
In fact from Eq. ([95]) or ([96]), we find H = -l/(7t 2 ) < 
with < 7 < 1. Taking the positive sign of (j>, we obtain 



(101) 
(102) 



Let us next derive the spectral indices of scalar and 
tensor perturbations. From Eq. (|14p we find 




4 



(2- 7 )(7- 6 7 + 7 2 ) 
5 - 47 + 7 2 



(103) 



which is positive for < 7 < 1. Since e\ = —62 = 7, £3 = 
and £4 = in Eq. ([2"8]) . we obtain 



rin - 1 = 3 - 



7 



(104) 
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When < 7 <C 1 this reduces to n-ji ~ 1 — 27, thereby 
giving a nearly scale-invariant curvature perturbation. 

Meanwhile the variable c\ for the tensor perturbation 
is given by 



2 7 -5, 



(105) 



which is negative for < 7 < 1. This leads to strong 
negative instabilities for small-scale tensor perturbations 
invalidating the assumption of linear perturbations. Note 
that this type of instabilities has been also found in 
Ref. [38| (see also Ref. [39|). Unless the system is ini- 
tially in a Minkowski vacuum state (in which c3p is posi- 
tive) before the GB term becomes important, a problem 
arises when we quantize tensor modes. It is interesting 
to note that the graviton is subject to this severe ultravi- 
olet instability when we impose the condition to realize 
inflation. 

Instead of the power-law solution (|96[) . one may search 
for de Sitter solutions where H is a constant. From 
Eqs. dHJ) and 1(951). we get 



1Q C1 H 



Ae 



-5Ht 



uj<i? = -6H 2 



1/5- 



(106) 

4 Cl HAe- 5Ht ) , (107) 



where A is an integration constant. Considering the 
asymptotic regime e~ 5Ht — > 0, u> is required to be nega- 
tive. We also find 
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14/5, 



(108) 



These are obtained by taking the limit 7 — » in 
Eqs. (|103|) and (|105|) . Thus the de Sitter solution can 
be regarded as the special case of the power-law solution 
corresponding to the limit 7^0. 



B. Models with F(4>) ~ 

We now consider the case in which one of the exponen- 
tial terms dominates in the function F (</)), i.e., F(<f>) = 
e M *. For the tree-level action with F{4>) = —oj{4>) = er^ 
and = Xe~^, it is known that there exists a de Sit- 
ter solution characterized by constant H and </> [13, [H[ . 
In what follows, we search for de Sitter solutions for the 
more general coupling F(</>) = e^ and evaluate the spec- 
tral indices of scalar and tensor perturbations. 

Since H 2 is a constant in Eq. ((4]), it is natural to find 
solutions in which each term on the r.h.s. of Eq. ([J} is 
also a constant. This then requires that <f> should be a 
constant and that w(0),£(0) have the same dependence 
as F(<f>), i.e., w(</>) = cj e^ and £(</>) = Xe^ . Hence from 
Eqs. ((31) and (O we obtain the following equations: 



-uop 2 + IJ-Hcf) — ii 2 (f) 2 



-2A 



2ci^ J ff 2 0(/i0 - H) + c 2 <i 



6H 2 - uj <f> 2 + GHfi<j> 
-3A(8ci^ J ff 3 - c 2 4 ) = 0. 



0, (109) 
(110) 



These have a trivial solution (4>,H) = (0,0). How- 
ever there exist a number of de Sitter fixed points with 
constant <fi an( i H depending on the model parameters 
wo,A, ci,C2 and /i. In this case, we have ei = £2 = 0, 
£3 = £4/2 = €q = fi<p/2H in Eq. I]28p. Moreover since c\ 
and c\ are constants, one can use the formula given in 
Eqs. ((SU), (O and ((17D, namely 



nn - 1 = n T 



v4 

H 



(111) 



r = 8- 



, ,12 , 3(f+Q!) 2 n 
^0 + 2F+Q 2 + 



H 



F+Qi 
2F+Q 2 



F 



2 



,2 \ "H 



,(H2) 



This result is 
or c; 



where we have used Pn = v t = 1^3 + 3/2 1 . 
valid if both c\ and are positive, 
is negative, we confront with ultraviolet instabilities for 
small-scale perturbations. Note also that the tensor-to- 
scalar ratio becomes complex. Equation (|llip shows that 
when \n<p/H\ -C 1 one can obtain nearly scale-invariant 
spectra of curvature perturbations. 

At the tree level, one has /i = —1, cjo = — 1, A = —1/4 
(for bosonic strings), c% = 1 and C2 = — 1. Then we 
get the fixed point ((j>,H) = (1.404,0.616), which agrees 
with the result in Ref. [23. In this case the spectral 
indices of scalar and tensor perturbations are highly blue- 
tilted, i.e., n-ji — 1 = tit = 2.28. Moreover we have 
= —7.56 whereas c\ = 22.2, which means that the 
scalar perturbation exhibits violent negative instabilities 
on small scales. 

In Table I we show de Sitter fixed points (</>, H) to- 
gether with n-ji, n-T, c^, c\ and r for a number of dif- 
ferent model parameters. Since Eqs. (|109[) and (|110[) are 
invariant under the simultaneous sign changes of /1 and <f>, 
it is sufficient to investigate the case of positive //. Gen- 
erally if we choose the values of y, larger than order unity, 
the spectral indices deviate from scale- invariant ones and 
are incompatible with observations. When fx ^ 1 it is 
possible to get n-ji ~ 1 because |/i<^>| can be much smaller 
than H. However in such a situation the quantity c\ 
typically becomes negative as we see in the cases (c), (d) 
and (i) in Table I. This is consistent with the results of 
constant F(<p) obtained in the previous subsection. 

There exist exceptional situations which lead to nn — 
1 ~ riT — and rCl with positive c 2 ^ and c\. Such 
an example is given by the fixed point (f2) in Table I. 
We find that this is similar to the case in which the 
GB term is absent, i.e., c\ = and C2 = — 1. In fact, 
when A = 1/4, c\ — 0, C2 = —1 and /i = 10~ 2 , we have 
((/>,#) = (1.4162,0.4035), n n = 0.9649, n T = -0.0351, 
c\ = 1.44 x 10~ 3 , c\ = 1 and r = 9.3 x 10~ 3 , whose val- 
ues are similar to those given in the case (f2). Hence the 
model (f2) is not much different from the kinetic inflation 
we discussed in the previous section. Provided that the 
GB term is subdominant relative to the C2(Vc/>) 4 term, it 
is possible to realize the observationally supported den- 
sity perturbation with the suppressed tensor-to-scalar ra- 
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Name 


Parameters 




rm 


tit 


4 


4 


r 


(a) 


A = —1/4, ci = 1, C2 = —1, A 1 = 1 


(-1.40,0.62) 


3.28 


2.28 


-7.56 


22.2 




(b) 


A = -1/4, ci = 1, c 2 = -1, p = HT 2 


(-5.94,22.3) 


1.0027 


2.7 x 10~ 3 


1.72 


-3.10 




(c) 


A = -1/4, ci = l,c 2 = 0,At > 1 














(dl) 


A = -1/4, a = 1, c 2 = 0, a* = 10" 2 


(-4.56 x 10 4 ,91.3) 


2.00 


1.00 


1.40 


-5.00 


- 


(d2) 


A = -1/4, ci = 1, c 2 = 0, ai = 10" 2 


(-11.5,10.4) 


1.011 


0.011 


2.89 


-5.29 


- 


(el) 


A = 1/4, ci = 1, C2 = — 1, /i — 1 


(1.22,1.48) 


0.174 


-0.826 


2.32 


0.611 


46.4 


(e2) 


A = 1/4, ci = 1, C2 = — 1, p = 1 


(1.46,1.35) 


-0.079 


-1.079 


-0.819 


1.162 


- 


(fl) 


A = 1/4, ci = 1, 02 = -1, A* = 10" 2 


(-1.41,0.41) 


1.034 


0.034 


-1.2 x 10" 3 


0.994 


- 


(12) 


A = 1/4, ci = 1, c 2 = -1, a* = HT 2 


(1.4158,0.4042) 


0.9650 


-0.0350 


1.20 x 10" 3 


1.006 


7.1 x 10" 3 


(gl) 


A = 1/4, ci = l,c 2 = -l,fi= 10 


(-1.95,1.00) 


-12.4 


-13.4 


0.19 


-18.4 


- 


(g2) 


A = 1/4, ci = l,c 2 = -1,A* = 10 


(1.84, 1.00) 


-17.4 


-18.4 


0.17 


19.3 


- 


(g3) 


A = 1/4, ci = l,c 2 = -1,H = 10 


(0.14,1.42) 


9.7 x 10" 3 


-0.99 


1.007 


0.98 


5.73 


(h) 


A = 1/4, ci = 1, c 2 = 0, /Lt = 1 


(1.03, 1.64) 


0.37 


-0.63 


1.26 


0.095 


1.15 x 10 3 


(0 


A = 1/4, ci = 1, c 2 = 0,Ai = 10~ 2 


(11.5,10.5) 


0.99 


-0.01 


2.72 


-4.74 




(j) 


A = 1/4, a = l,c 2 =0,At= 10 


(0.14,1.42) 


9.8 x 10" 3 


-0.99 


1.007 


0.98 


5.73 



TABLE I: De-Sitter fixed points (<f>, H) for a number of different combinations of A, ci, C2 and /j, with ivq = — 1. In the case (c) 
there exists no de Sitter fixed point. The tensor-to-scalar ratio becomes a complex number if either c 2 ^ or c 2 - is negative. 



tio. However if the GB term dominates over C2(V0) 4 , we 
are faced with the ultraviolet instability of tensor per- 
turbations while nearly scale-invariant spectra of scalar 
perturbations are possible. This is a generic property as- 
sociated with inflation induced by the GB term. Table 
I corresponds to the parameter ujq = —1, but we have 
also examined the case luq = 1. We have thus confirmed 
that it is difficult to satisfy all the conditions n-n ~ 1, 
riT ~ 0, r <C 1 and c^, c T > if the correction term C c 
is dominated by the GB term. 



VII. CONCLUSIONS 

In this paper we have discussed the possibility to ob- 
tain inflationary solutions and observationally supported 
density perturbations for the low-energy string effective 
action given in ([T]). The important quantities which are 
directly linked to observations are the spectral indices n-jz 
and tit together with the tensor-to-scalar ratio r. Pro- 
vided that c\ and c T are positive constants in perturba- 
tion equations, we obtain the power spectra of scalar and 
tensor metric perturbations in Eqs. (fTi?|) and (f!25"j) . respec- 
tively, together with the ratio r given in Eq. ([27]) . The 
spectral indices of scalar and tensor perturbations are 
given by Eqs. (p{2"]) and (|54"|) , respectively Note that these 
results are valid not only for slow-roll inflation (|ej| <C 1) 
but also for the non slow-roll models with constant 
that often appear in dilaton gravity. 

The action (TT]) is transformed to the Einstein frame ac- 
tion ((40]) by a conformal transformation (|39|) . Since both 
the curvature perturbation 1Z and the tensor perturba- 
tion h are invariant under the transformation in dilaton 
gravity, it is sometimes convenient to study perturbation 



spectra in the Einstein frame in order to confront with 
observations. For the models without both the dilaton 
potential V((j>) and the higher-order correction C c , it is 
not possible to obtain nearly scale-invariant spectra of 
density perturbations because the system is dominated 
by the kinetic energy of the field. Even in the presence 
of the dilaton potential, except for a specific case in which 
V(4>) is proportional to F 2 ((f>), it is required that the dila- 
ton is effectively decoupled from gravity together with the 
existence of a slowly varying dilaton potential. 

This situation changes if the second-order correction 
C c given by Eq. ([2]) is present. When ci = 0, kinetic infla- 
tion is realized in the Einstein frame if the function K((j>) 
becomes negative. In fact this happens for two-derivative 
perturbative corrections to the Kahler potential in het- 
erotic string theory, see Eq. f75]) . Along the de Sitter so- 
lution ([76]) , the spectral index tit and the tensor-to-scalar 
ratio r vanish whereas Tin — 1 does not. If the function 
L(<f>) is constant in Eq. ([74]) . we found that the spectrum 
of the curvature perturbation is blue-tilted (n-jz > 1) in 
the case where K(tf>) changes its sign from negative to 
positive. For general L(<f>) the spectrum is either red- or 
blue-tilted, but n-n is very close to scale-invariant one if 
K{<fi) and L(<f>) are described by constants plus exponen- 
tial terms. Moreover, for power-law solutions in which 
the scale factor is given by Eq. (|5D|) , the spectral index of 
the curvature perturbation is red-tilted and can be nearly 
scale- invariant, consistent with the WMAP3 data. 

When the Gauss-Bonnet term is present in addition 
to the (V</>) 4 term, we have found a number of situa- 
tions in which inflationary solutions are obtained. First 
we studied the case of constant F{<f>) in the absence of 
the (V</>) term and showed that power-law inflation is 
realized in such a case. Although scale-invariant spectra 
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are generated for curvature perturbations, tensor pertur- 
bations are faced with ultraviolet instabilities associated 
with negative coefficient c|. when inflation occurs. We 
have also studied the case where the function F(</>) is 
given by F(<f>) = and showed the existence of de Sit- 
ter solutions characterized by constant H and 4>. If fi 
is larger than order one, the spectra of density pertur- 
bations deviate from scale-invariant ones. When <C 1 
it is possible to generate nearly scale-invariant curvature 
perturbations, but tensor perturbations again suffer from 
negative instabilities on small scales if the correction C c 
is dominated by the Gauss-Bonnet term. However as 
long as the (V^>) 4 term dominates over the Gauss-Bonnet 
correction, one can avoid this problem as it happens in 
kinetic inflation. 

The results in our paper tell us that the condition for 
inflation, \H/H 2 \ <C 1, is not enough to generate nearly 
scale-invariant spectra of density perturbations. In addi- 
tion we generally require that the parameters ej defined 



in Eq. (|28|) are smaller than order unity and also need to 
check the signs of c\ and c\ to avoid ultraviolet instabil- 
ities. We have shown that these conditions are satisfied 
for some of the models as in the kinetic inflation discussed 
in Sec. |V] Other models with higher-order corrections, 
can also satisfy these conditions, provided that the GB 
term is not dominant. It is of interest to extend our anal- 
ysis to more general string models as given, e.g., in the 
works H3|. 
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